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Abstract— For energy-constrained wir elessnetworks of
sensorsand actuators, selectionof links with high packet
successrate helps to ensure reliable long-term operation.
During the implementation of a protocol targeting indus-
trial applications of such systems,it was found that it is
advantageousto acquire accurate information about the
availability and quality of the RF communication links
prior to the network topology formation. Link assessment
as part of the initialization process,accomplishesthis task
by assessinga suf�cient number of packets exchanged
betweenneighboring nodes.

This paper intr oducesand analyzestwo differ ent link
assessmentmethods: First, a random schemeis evaluated.
It allows for a probabilistic guarantee of collision-free
packet exchange. Next, a general method is described
which employs `constant-weight codes' and provides a
deterministic guarantee of success.In particular , a spe-
cial class of constant-weight codes which are cyclically
permutable (also known as optical orthogonal codes),are
considered. It is shown that due to additional properties
of these codes, they make the link assessmentprocess
simpler, and therefore they are preferred over other
codes. Differ ent methods are compared based on their
energy/time requirements,and implementation complexity.

I . INTRODUCTION

Sensornetworksarewidely usedin bothcivil andmil-
itary applicationssuchassecuritymanagement,surveil-
lance,automation,andenvironmentalmonitoring.Sofar,
mostcommerciallydeployed systemsutilize wire based
communication.However, in recentyearstherehasbeen
tremendousinterest in both industry and academiain
self-con�guring wireless networks [1]–[5], [10], [11].
Main motivations are to reduceinstallation cost, gain
�e xibility, allow for unobtrusive installation,andenable

entirely new applicationssuchas tracking and wireless
interrogation.Therecentdevelopmentshavebeenfuelled
by advancesin low cost and low power RF communi-
cation,as mostenvisionedsystemsarebatteryoperated
andexpectedto be successfulonly if low cost.

A wirelesssensornetwork may be generalizedas a
distributed systemconsistingof N sensornodeseach
equippedwith a wireless radio transceiver along with
application-speci�csensorsand signal processinghard-
ware.Theremayor maynotbeacentralcontrolunit, i.e.,
a basestation.Due to the typically short rangeof low-
power RF transceivers, communicationtakes place via
multi-hop through neighboringnodes.The information
�o w may be from the sensornodesto a network access
point, e.g., the basestation, in the oppositedirection,
or among sensornodes themselves. In order to fully
utilize thebene�tsof amulti-hopRFnetwork, thesystem
should also be self-con�guring and able to adapt to
environmentalchangesby recon�guration.

The nodesare typically small and battery operated.
Hence,energy is a scarceresource.Therefore,energy-
ef�ciency is a crucial factor for all tasks performed
throughoutthe lifetime of the system.Energy can be
saved by communicatingover reliable links and by
avoiding collision of packets, which eliminatesthe ne-
cessityof re-transmission.During the implementationof
a protocol targeting industrial applicationsof station-
ary wireless sensornetworks, it was found that it is
advantageousto acquireaccurateinformation aboutthe
availability and quality of the RF communicationlinks
prior to the network topology formation. This task is
accomplishedby the link assessmentprocess.

The link assessmentprocessincludesdiscovery of all
nodesandtheavailablelinks betweenthem,andgrading



the quality of theselinks. The latter can be achieved
by estimatingparameterssuchaspacket successrateor
signalstrength,which maybedeterminedby assessinga
suf�cient numberof packets exchangedbetweenneigh-
boringnodes.This informationcanthenbeusedto make
routing decisionsandform a reliablemulti-hop network
topology.

The paper is organized as follows: In Section II,
the network model and link assessmentproblem are
described.Assumptionaboutthenetwork arementioned
and justi�ed. The need for link assessmentis moti-
vate and then previous related work on this topic is
mentioned.In SectionIII, a schemeis describedwhere
eachnodeusesa randompattern.This protocol is then
analyzed,and it is shown how to chooseparameters
such that an energy-ef�cient designis achieved. Then,
in Section IV, deterministic patterns are considered.
Constant-weightcodesare employed to generatethese
patterns.In particular we show that a specialclassof
such codes,called optical orthogonal codes are very
suitablefor link assessmentprocess.SectionV concludes
this paper

I I . MODEL

ConsiderN nodeswhicharecapableof wirelesstrans-
missionandreceptionof data,installedin a certainarea.
The wirelesslinks or connectionsof suchnetwork can
be modelledas a weighteddirectedgraphG = (V; E),
calledtheconnectivity graph.TheV setrepresentstheset
of nodes,andE thesetof edges.An edgefrom nodei to
nodej is present,if nodej canhearnodei 's transmission
with an acceptablereceived signal strength. In other
words, the connectivity graphshows the available links
in thenetwork andtheneighborsof eachnode.Although
in many casesthe links are bi-directional,we use the
more generalmodel of a directedgraph, i.e., the link
from nodei to nodej is treateddifferently from the link
from node j to node i . It is even possiblethat there is
anedgefrom nodei to nodej , while thereis no reverse
edgefrom j to i . This canhappenwhennodei andj are
within hearingrangeof eachotherbut thereis a strong
interferer/jammernearnode i .

We assumethat the connectivity graph is weighted,
i.e., there is a number(or possibly a vector) assigned
to eachedge/link.This numbershows the “quality” of
that link. Dependingon the application, the `quality'
of a wireless link can be de�ned in many different
ways, which requiresmeasurementof some physical-
layer parameterssuch as (1) average received signal
strength(2) signalto noise/interferenceratio (SNR/SIR),

(3) averagebit error rate, (4) averagepacket success
rate. For example, knowledge of packet successrate,
may be requiredby routing or topologyandscheduling
formation algorithms [1]–[4], [6], [7]. Based on the
applicationandhardwarecapabilitiesof nodes,different
methodscanbe employed to estimatetheseparameters,
but generallyto have a goodestimatefor any particular
link in the network, one need to transmit and assess
suf�cient numberof packetson that link. For example,a
simplemethodto computeanestimateof packet success
rateon a link from nodei to nodej is asfollows: We set
nodei to transmit300 packets,while nodej is listening
andcountingthenumberof packetsit receives.After the
300 packetsaresent,nodej can�nd an estimateof the
packet successrate, by dividing the numberof packets
it received by 300. Note that the larger the numberof
exchangedpackets,themoreaccurate,theestimateswill
be, however, more time andenergy will be consumed.

The main goal of the “link assessment”processis to
discover the connectivitygraph of network. Eachnode
shouldnot only �nd all its neighbors(the nodesthat it
canhearfrom), but it alsoshouldassessall theavailable
links and measuretheir qualities. As describedabove,
de�nition of quality is applicationdependent.However,
no matter what de�nition is usedor which parameters
shouldbe estimated,we assumethat the following two
conditionsmustbe satis�ed:

(a) some�xed numberof packetsshouldbetransmitted
on each link: The requirednumberof packetsbasically
dependson theparametersthatshouldbeestimated,and
the accuracy neededfor theseestimates.For example,if
we just want to discover the neighborsof a node(with
no link grading),the nodeshouldcorrectly receive only
one (or two) packet(s) from eachof its neighbors,so
transmissionof only a couple of packets is suf�cient.
However, for a good estimateof packet successrate or
bit error rate,hundredsof packetsmay be measured.

(b) inner network interference/collisionshould be
avoided:the numbermentionedin part (a) corresponds
to the numberof collision-freepackets that arerequired
for the perfect estimation and quality measurement.
Collisionoccursataparticularnode,whentwo (or more)
of its neighborssenda packet simultaneously.

Whencollision occurs,althoughit is possiblethat the
receivercorrectlydecodesthepacket from thetransmitter
which hasthe strongestreceivedsignalpower (and it is
alsotypically the closesttransmitterto the receiver), we
assumethat all colliding packetsare lost. This is called
the“captureeffect” ( [8], [9] ), andignoringthis effect is
actuallya pessimisticassumption,thereforethe number



of packets received by a nodecan be larger than what
will be designedfor later.

Combining the above two conditionsimplies that to
performa successfullink assessment,oneneedsa proto-
col which guaranteesthat betweenany two neighboring
nodes in the network at least some �x ed number of
collision-free packets are exchanged1, and this process
should be done while the network is being discovered
and the neighborsare being found. The threekey con-
straints in designof such method,are (1) the amount
of energy consumedby the link assessmentprotocol,
(2) the total time spent,and (3) the complexity of its
implementationand the amountof memory it requires.
We needto designa methodwhich not only is energy-
ef�cient, but it shouldalso take reasonabletime andbe
fairly simple such that it can be implementedin each
sensornodewhich typically hasvery low computational
power.

The links assessmentprocesscombinestwo goals.
Neighbordiscovery is one part of it, and link grading,
i.e., measurementof quality of each link, is the other
part.Knowledgeof one-hopneighbors(or in somecases
two-hopneighborsor theentireconnectivity graph)is the
main assumptionsin many paperson ad hoc or sensor
networks on routing or time schedulingor topology
formationalgorithms[3], [6], [7].

Information about the quality of the links leadsto a
more reliable and energy-ef�cient topology or a much
better routing method[1], [2], [4]. Somerecentworks
suggestschemesto acquire the link quality data dur-
ing the operationof the network [1], [2]. While these
approachesgenerally justify the use of link quality as
a basisfor topology formation, they inherentlyassume
that the nodeshave a relatively high duty cycle. How-
ever, many sensornetworks (including thesystemwhich
motivated the presentwork) use extremely low duty
cycles, i.e., below 0.1%. Reliable link grading during
network operationis thereforenot feasible.Moreover, in
suchsystems,nodescanbe in receive modeonly during
active communicationperiods,so promiscuouslistening
cannotbeused.Hence,link gradingprior to thetopology
formation must be employed. The energy-ef�ciency is
very importantfor wirelesssensornetworkssinceenergy
is generallya very scaresandlimited resource.However,
one may argue that since link assessmentis performed
onceduringtheinitialization of thenetwork, why it is so

1Note that the term “exchanged”will be meaninglessif we deal
with a one-directionallink, but it is assumedthat the samenumber
of packets is requiredto be transferredover suchlinks.

importantto usean energy-ef�cient methodfor link as-
sessment.Notethat,any extra energy consumptionis not
insigni�cant in very low duty cycle applicationswhere
100 packetsmay translateinto 100 daysof operation.

A. Assumptions

We assumethat N denotesthe total numberof nodes
in the network andwe have the following assumptions:

1) Thenodesare stationary, sothattheneighborsof a
speci�c nodeand the correspondinglink qualities
do not changeduring the link assessmentprocess.

2) All nodesuse the sametransmissionpower, the
same frequencychannel, and the same modu-
lation technique. Note that any kind of power
control or frequency reuserequiressomesort of
co-ordinationin the network which requiresthe
knowledgeof the connectivity graph.

3) Each node has a unique identi�cation number2.
This can be a factory-assignednumber (part of
the serial number of the product), or it can be
selectedrandomlyfrom a largeenoughrangesuch
that uniquenessis ensuredwith high probability.
However, asit will bedescribedlater, it is preferred
(but it is not essential)that the id numbersare
in the range from 1 to N (number of nodesin
the network). So a distributed methodfor unique
id assignmentis neededwhich is by itself an
interestingdifferentproblem.Somestudiesrelated
to this problemcanbe �nd in [10].

4) We assumethat there is a known upper bound
on the number of neighbors, and we denote it
by nmax . Later, we will seethat nmax is a key
parameterin designof thelink assessmentprocess.
Clearly, a protocoldesignedto work with a larger
value of nmax will work for a smaller value as
well, but it will take longertimeandconsumemore
energy.

5) Thenodesare roughlysynchronizedto each other.
Basedon the application,different methodscan
be usedto achieve the synchronizationamongthe
nodes(see [11] for more details). In casethere
is a generalbroadcastclock message,the nodes
can be synchronizedby resetting their internal
clock uponreceptionof this message.Otherwise,a
distrustedmethodfor clocksynchronizationshould
be used. After the node are synchronized,time

2In orderfor our methodsto work, we do not actuallyneedunique
ids for all the nodesin the network, the necessarycondition is that
the neighborsof eachnodein the network shouldhave different id
numbers.



is divided into time slots. Each slot is designed
to accommodatethe transmissionof some �x ed
numberof packets(eachof �x edsize),anda guard
time correspondingto the maximum clock drift
due to inaccuracy in hardware or in the initial
synchronizationof the nodes.The guard time is
actually a wastedtime during the process,so we
select the time slot long enough(accommodate
morepacketsin onetime slot) suchthat the guard
time is negligible in comparisonwith the duration
of one time slot. Clearly, shortertime slots (with
fewer packets in eachof them) can be usedwith
a more accuratesynchronization.As it will be
clear later when the link assessmentmethodsare
described,it is generallypreferredto have shorter
time slots,and thereforea larger numberof them
in the total time assignedfor the link assessment
process.Hence,accuratesynchronizationis essen-
tial for goodperformance.

6) At each time instant,each nodecan be in one of
three states:sleep,transmit, or receive. In sleep
modethenodeshutsdown the receiver/transmitter
circuit in order to preserve energy. We further
assumethat during eachtime slot, the nodeswill
remainin the samestate.If a nodeis in transmit
mode during a time slot, it will send as many
packetsasit can.As mentionedabove the number
of packets in eachtime slot dependson the ac-
curacy of the synchronization.The contentof the
packets is not important for the link assessment
process,however, the receiver should be able to
recognizethe senderof the packet. When a node
is in receive modeduring a time slot, it listensto
the channelto receive packets from other nodes.
As mentionedbefore, we assumethat colliding
packetsareall lost, so if two (or more)neighbors
of a node (which is in receive state)are both in
transmit mode at the sametime slot, we assume
thatno packet will be receivedby thenodeduring
that time slot.

We say a particulartime slot is a “collision-free” (or
clear) time slot for the link from nodei to nodej , if in
that time slot, node i is in transmit state,node j is in
receive modeand all neighborsof node j (except node
i ) areeither in sleepstateor in receive state.

By dividing the number of packets that is required
to measurethe quality of the links (asdescribedabove)
by the number of packets within a time slot, we can
computethe numberof time slotsneededfor successful
completionof link assessmentprocess.Let C denotethis

number. Hence,the link assessmentproblemreducesto
�nding a protocol which ensures that every link in the
networkgetsat leastC collision-free time slots, e.g., if
thereare20packetsin eachtimeslot,andfor link quality
measurementwe need300 packets,thenC = 300=20 =
15 collision-free time slots must be assignedto every
link in the network.

In eachmodethenodewill consumea de�nite amount
of energy. Typically, the amountof energy usedin sleep
mode is very small in comparisonwith the amount
consumedin the other two states.Hence,we neglect
this power consumptionin the our analysis.Let ETX

(ERX) denotetheenergy consumedby a nodewhich is in
transmit(or receive) statefor onetime slot. To simplify
the energy expressions,the ratio of thesetwo terms is
de�ned to be

¯ =
ETX

ERX
: (1)

Although it seemsthat the a node should consume
signi�cantly moreenergy while transmittingthanwhenit
is receiving, for low-power (or short range)transceivers
the value of ¯ typically is between1 to 3. This shows
that transmissionand receptionapproximatelybear the
samecost in termsof power consumption.This is a key
differencebetweenlow-power sensornetworksandother
ad hoc networks.

B. RelatedWork

Before we continueto describeour methodsfor link
assessment,let us considerthe previous works on topics
relatedto link assessment.We will seethat the previous
methodsarenot applicableto wirelesssensornetworks.
To the best of our knowledge, link assessment(as a
combination of neighbor discovery and link grading)
has not yet beenconsideredas a separatephaseof a
wirelessnetwork protocol.Themethodusuallyproposed
for neighbordiscovery is simply a time-scheduledsearch
[4]–[6]3 : The nodesareordered,thenoneafteranother,
each node broadcastsa couple of packets informing
its neighborsof its existence.Although the numberof
packets transmittedby each node is small, the main
problem with this method is the fact that all nodes
need to be awake and listen to the channel for the
entire time that this processis going on. This time
is directly proportional to the numberof nodesin the
network which can becomeinconveniently long for a

3Someof the methodsdescribedin [4], [5] arenot exactly a time-
scheduledsearchbut they aresimilar. While they may work �ne for
small networks, the amountof time they will take is inconveniently
long for networks with thousandsof sensornodes.



large network. As mentionedbefore,amountof energy
consumedby the node for listening to the channelis
almost the sameas the energy used for transmission.
So by being awake the nodes will waste signi�cant
amountof energy. To geta feelingof why a simpletime-
schedulingis not feasiblefor large networks, consider
the following example4: Assumethat eachtime slot is
800 msec long, the network has N = 1000 nodes,
and C = 30 collision-free time slots per eachnode is
required.By usinga simpletime-scheduledmethod,the
link assessmentwill take1000£ 30£ 0:8 = 2400seconds
which is more than 6.5 hours during which all nodes
should to be awake. Using our proposedmethodsthe
link assessmentcanbe donein almost15 minutes.

C. Ideal casefor energy

In this section,we describeanidealsituationin which
the minimum amountof energy is consumedby each
nodein the network.

Eachnode is requiredto transmit in at leastC time
slots.If nodei (i = 1; : : : ; N ) hasn i neighbors,it must
also listen to eachof its n i neighborsfor C time slots,
i.e., it should listen in at least n i C time slots. Hence,
the energy consumedby this node is at leastCETX +
ni CERX. Therefore,using (1) node i consumesat least
(¯ + ni )CERX. Theminimumtotal energy consumedby
all nodesin the network is thengiven by:

ETotal ;min =
NX

i =1

(¯ + ni )CERX: (2)

De�ning ¹n = 1
N

P N
i=1 ni to denotethe averagenum-

ber of neighbors,the above expressioncanbe written in
the following form:

ETotal ;min = N (¯ + ¹n)CERX: (3)

Note that no feasiblemethodcan achieve this value,
andit is just usedasa benchmarkfor judgingtheenergy
usageof othermethods.

I I I . RANDOM PROTOCOL

As mentionedin the previous section,in every time
slot eachnodecan be in one of the threestates:trans-
mission (shown by TX), reception(shown by RX) or
sleep(shown by SL). In the randommethodwe assume
that at eachtime slot, eachnoderandomlyselectsto go
to one of thesethree states.With probability PTX the
nodewill go to transmitstate,with probability PRX, it

4The numbersgiven in this examplearecloseto the actualvalues
usedin the projectwhich motivatedthis work.

will choosereceive state,and with probability PSL the
node will sleep.Clearly PTX + PRX + PSL = 1. The
selectionof the stateat current time slots, is assumed
to be independentof the past states.The designerof
the system,should decide about the value of “design
parameters”,which include theseprobabilitiesand the
total numberof time slotsdevotedto the link assessment
process,basedon the valueof nmax (maximumnumber
of neighborsin the network) and other known network
parameters(suchas ¯ de�ned in (1)).

This methodis a very simple,which makesit perfect
from the implementationpoint of view. In fact, the only
thing thenodesaresupposedto do, is to generaterandom
numbersanddecideabouttheir statesin eachtime slot.
They only needto store the valuesof PRX and PTX in
their memorywhich canbestoredvery ef�ciently . Since
this methodis random,we get a probabilisticguarantee
on the successof the protocol,however the probability
of successcanbe very closeto one.

We will soonshow that thebestdesignhappenswhen
PSL = 0, i.e., nonodeshouldeversleepduringthewhole
process.In other words, when the randomprotocol is
used,the ability of the nodesto go to sleepmode, is
completelyuseless.Themainadvantageof thismethodis
that thedesignparametersdo not dependon thenumber
of nodes in the network and therefore the design is
saleablewith respectto the numberof node, i.e., any
designwhich works for a network with 100 nodes,can
be usedfor a network with 3000 nodesor even larger
numberof nodes,as long as other network parameters
(most importantly, nmax ) in the two networks are the
same.However, this methodis very sensitive to thevalue
of nmax , and an over estimateof this parametercan
considerablydegradeits performance.

Considera link from nodei to nodej . Theprobability
thata particulartime slot is collision-freefor this link is
lower boundedby5:

Pcf = PTX PRX (1 ¡ PTX)nmax ¡ 1: (4)

Let Ci;j denotethe total numberof collision-freetime
slots for the link from node i to j . Since the statesat
differenttimeslotsareindependent,Ci;j canbemodelled
asa binomial randomvariable:

Ci;j » Binomial(F; Pcf ); (5)

5Note that in (4), nmax is usedin placeof the actualnumberof
neighborsof thenode,andsincenmax is largerthantheactualvalue,
this expressionis a lower bound.Using this lower boundobviously
leadsto a conservative design.



whereF representsthe total numberof time slots.The
main designgoal is to make sure that all links in the
network get at leastC collision-freetime slots.We say
a link is lost if it gets less than C collision-free time
slot. The probability of this event is:

PL = P(Ci;j < C)

=
C¡ 1X

n=0

µ
F
n

¶
(Pcf )

n (1 ¡ Pcf )
F ¡ n : (6)

The averageenergy consumedby any node can be
written as:

E(Enode) = F PTXETX + F PRXERX

= F (¯ PTX + PRX) ERX ; (7)

and the total average energy consumedin the entire
network is then:

E(ETotal ) = N F (¯ PTX + PRX) ERX: (8)

Thedesignproblemreducesto thefollowing optimiza-
tion problem:

² Find values for PTX , PRX, and F such that the
probability of losing a link (PL ) is kept small and
bounded,while the averageenergy consumedin
eachnode,E(Enode), andtotalnumberof timeslots,
F , areminimized.

Let PL;max denotethemaximumacceptablevaluefor
PL . A smallPL;max (e.g., 10¡ 6) ensuresthatwith a very
high probability all links in the network are assessed6.
Computationalmethodscan be usedto solve the above
optimizationproblemand �nd the exact solution.How-
ever, by carryingout somesimpli�cations onecanobtain
the following approximatesolution:

F ¼
2C + q2 + q

p
q2 + 4C

2 1
nmax

³
1 ¡ 1

nmax

´ nmax
; (9)

PTX ¼
1

nmax
; (10)

PRX ¼ 1 ¡
1

nmax
; (11)

whereq = Q¡ 1(PL;max ) andQ(x) (thenormalgaussian
tail) is de�ned in (36). Details of the derivation of
the above expressionsare given in the Appendix I. As
mentionedbeforewe seethat thePSL ¼ 0 andthe result
doesnot dependon the numberof nodesN .

6With PL = 10¡ 6 , we canroughly saythat on averageoneout of
onemillion links will be lost.

As an example, let nmax = 25 (¹n = 15), C = 30,
¯ = 2:5 and PL;max = 10¡ 6. Using the approximate
expressions,oneobtains

F = 4834 PTX = 0:04 PRX = 0:96;

changingC = 1, the numberof time slots reducesto
F = 1704.

To testhow energy ef�cient thisdesignis, wecompare
the averagetotal energy with the ideal casedescribedin
SectionII-C. The ratio of (8) to (3) is,

E(ETotal )
ETotal ;min

=
F (¯ PTX + PRX)

C(¯ + ¹n)
(12)

For C = 30 this ratio is 9.76 (9.9dB), and for
C = 1 it is equal to 103.2 (20.1dB).We can generally
say that althoughthis methodmay have an acceptable
performancefor large values of C, it performs very
poorly for small C.

IV. CODE-BASED PROTOCOL

In the methoddescribedin the previous section,each
node randomly generatesa pattern basedon which it
switchesbetweendifferentstates.The main idea in this
section is to assigna deterministicpattern insteadof
randomly generated one to each node. We will show
that with the usedeterministicpatternsnot only the link
assessmentprocesscan be �nished fasterand with less
energy, but adeterministicguaranteeof thesuccessof the
processcanalsobe achieved.First we de�ne “constant-
weight codes”, and explain how they can be used as
patternsfor thelink assessmentprocess.Then,werestrict
our attentionto a specialclassof thesecodeswhich are
cyclically permutable(alsoknown asoptical orthogonal
codes).Although as we will soon show, any constant-
weight code can be used for link assessment,due to
the additional propertiesthat optical orthogonalcodes
have, they make the processof patternassignmentvery
simple and easy, and thereforethey are preferredover
othercodes.

The ideaof usingcodesaspatternsin wirelessadhoc
network has been applied before, but it was used for
a different application. Initially, Chlamtacand Farago
in [20] and later in a generalization,Ju and Li in [21],
proposedtheconceptof usingcodesto form a topology-
transparentschedulingin adhocnetworks.Althoughthe
authorsdo not directly mentionin their papers,thecode
they use is actually a specialclassof constant-weight
code.In SectionIV-D we brie�y describetheir method.
We believe what we prove in the following sectioncan
alsobeappliedto their application,soour resultscanbe
consideredasa generalizationof their method.



A. Constant-Weight Codes

An (F; W; d) constant-weightcodesis a binary code
of length F , minimum Hamming distanced, whose
codewords have constant-weightW . Each codeword
consistsof F bits, with W onesandF ¡ W zeros.The
Hamming distancebetweentwo codewords is de�ned
as the numberof bits in which the two codewords are
different.Thesecodeswereextensively studiedin [12].

Thesecodescanbe usedfor link assessmentprocess.
Eachcodeword is uniquelyassignedto oneof the nodes
in the network. Eachbit in a codeword, standsfor one
time slot, `one' bits correspondto the transmit state,
while `zero' bits show the receive state.So, the length
of the codeF , also representsthe total numberof time
slots. We assumethat the nodeswill never use sleep
state. Just as it was shown in the random protocol,
it can be seenthat sleepingwill not help again when
deterministicpatternsare used.The following theorem,
statesthepropertythat thecodemusthave so that it can
be appliedfor link assessmentprocess:

Theorem1: If the weight of the code satis�es the
following inequalitiesthen the link assessmentprocess
will be successful,i.e., eachlink in the network will get
at leastC collision-freetime slots:

C · W ·

Ã
nmax

d
2 ¡ C

nmax ¡ 1

!

: (13)

Proof: The left inequalityis trivial: Sincewe need
C collision-freetime slots,andeachnodeis in transmit
state for W time slots (according to the codeword
assignedto the node),clearly, the weight of the code,
W , shouldbe larger thanC.

The proof of the other inequality is basedon the
distanceproperty of constant-weightcodes. Consider
two differentcodewords,and let the Hammingdistance
betweenthesetwo codewords be do. We claim that do

is an even number:
Sincethe two codewords have the sameweight thus

they have the samenumberof ones.Considerthe bit
positionsin which the �rst codeword has bit one, and
the secondcodeword is zero. Correspondingto each
such position there exists a bit position in which the
�rst codeword hasa zeroandsecondcodeword hasone.
Hencethe total numberof bit positionsthat they canbe
different, i.e., the distancebetweenthe two codewords,
shouldbe even.

Let ¸ o show the numberof bit positionsin which the
two codewords both are one.Note that in do

2 of the W
positionsthat the �rst codeword hasbit one,the second

codeword is zero.Hencethenumberof bit positionsthat
the two codewords both have bit one, is ¸ o = W ¡ do

2 .
Basedon thede�nition of constant-weightcode,do ¸ d,
thus ¸ o · ¸ where

¸ = W ¡
d
2

: (14)

¸ shows the maximum number of bit positions in
which any two codewords of an (F; W; d) constant-
weight code, both have bit one at the sameposition.
Sincebit onestandsfor transmitstate,¸ alsoshows the
maximumnumberof time slotsthatany two nodesin the
network can be in transmit stateduring the sametime
slot.

Observe thattheright inequalityin (13) canbewritten
in the following form:

W ¸ C + nmax

µ
W ¡

d
2

¶

= C + ¸ nmax : (15)

So to completetheproof, oneneedto show that if the
above inequalityholds,all nodesgetat leastC collision-
free time slots.Consideranarbitrarylink in thenetwork
from node i to node j . In the worst case,node j has
nmax ¡ 1 neighbors(excluding node i ). Node i will be
in transmitstatein exactly W time slots.Eachneighbor
of nodej , cancollide with at most ¸ transmissiontime
slotsof nodei , so at most ¸ (nmax ¡ 1) of transmission
time slotsof nodei canbe lost dueto collision. Another
way that oneof thesetime slotsmay be missed,occurs
if nodej is also in transmitmodeat the sametime slot
with node i , but again the numberof suchtime slots is
boundedby ¸ . So, in the worst case,¸n max of the W
time slotsthatnodei is in transmitstatecanbe collided
and missed.Hence,If W is larger than C + ¸n max , at
leastC collision-freetime slot will be left.

The maximumsize (which is de�ned as the number
of codewords) of a constant-weightcodeset is denoted
by A(F; W; d). Thevalueof A(F; W; d) is in generalnot
known, but a numberof lower and upperboundshave
beenestablished.See[12]–[15] for summariesof best
boundsknown today. Since eachnode in the network
must have one unique codeword, the size of the code
mustbe larger thanthe numberof nodesin the network
(N ), i.e., A(F; W; d) ¸ N .

Any (F; W; d) constant-weightcode, which satis�es
(13) andhave enoughcodewordsto supportall nodesin
thenetwork, canbeusedfor thelink assessmentprocess.
By selectingthe codeset properly, the link assessment
processcanbe donevery ef�ciently .



Note that, once the codewords are assignedto the
nodes,theoperationsperformedby eachnodes,arevery
simple. The nodesshould changetheir statesaccord-
ing to the pattern given to them. However, the main
challengeis the codeword assignment.As mentioned
in Section II-A, we assumethat eachnode has (or is
given) a unique identi�cation number. If this number
is factory-assignedor assignedto the node while the
protocol is written in the node's memory(i.e., the node
is programmed),andnetwork parameterssuchasnmax ,
C, and N are available before the programming is
done,thenan appropriatecodeword canbe computedin
advanceand assignedto the nodeduring the program-
ming. However, typically, id numbersareassignedafter
the nodes' installation and programming,so the pre-
computationof the codewords is not possible.Clearly,
the whole codeword tablecannot be storedin all nodes
in thenetwork, asit canrequirehugeamountof memory.
Therefore,the nodesmust constructthe codewords by
themselvesafter the installationbasedon the id number
assignedto them. The method used to construct the
codewordscannot betoo complicatedbecausethenodes
are assumedto have very low computationalpower.
Hence,we needto considerspecialclassof constant-
weight codesthat are easyto generate. This leadsus to
the useof optical orthogonalcodes.

B. Optical Orthogonal Codes

Optical orthogonalcodes(OOC) are constant-weight
codeswhich are also cyclically permutable[16]–[19].
In a cyclically permutable code, all codewords are
cyclically distinct and have full cyclic order. Optical
orthogonalcodeswere �rst introducedby J. Salehi in
[17], [18] for an application in optical code-division
multi-accessspread-spectrumcommunicationsystems.

An (F; W; ¸ ) OOC C is a family of (0,1) sequences
of form a = (a0; a1; : : : ; aF ¡ 1) with length F and
weight W , that have cross-correlationand out-of-phase
autocorrelationvalueswhich do not exceed¸ , i.e.,

TheAuto-correlation property: For any a 2 C :

F ¡ 1X

i =0

ai a(i + j )modF =
½

· ¸ if j = 1; : : : ; F ¡ 1
= W if j = 0

(16)
TheCross-correlation property: For any two different

codewordsa; b 2 C and0 · j < F :

F ¡ 1X

i =0

ai b(i + j ) modF · ¸ (17)

For example, the simplest set is (5,2,1) OOC code
with the following ten codewords:

C = f 10100; 01010; 00101; 10010; 01001

11000; 01100; 00110; 00011; 10001g

Notethatany (F; W; ¸ ) OOCis an(F; W; d) constant-
weightcodewith d = 2W ¡ 2¸ . It is easyto seethatany
cyclic shift of acodeword in C is anothervalid codeword,
so to generatethe whole codeword set,we needto store
only onecodeword from eachgroupthat arecyclic shift
of oneanother, e.g., in theabove example,all codewords
canbegeneratedfrom cyclic shiftsof 10100and11000.
This propertyof optical orthogonalmakesthe codeword
assignmentprocessvery simple.We just storea couple
of main codewords in all nodes.Then different nodes,
basedontheir id number, usedifferentshiftsof thestored
codewords.SinceF is typically in theorderof coupleof
hundreds,by storingjust onecodeword,we cangenerate
coupleof hundredsof other codewords and supportso
many nodesin the network.

Given the valuesof F , W and ¸ , the largestpossible
size of an (F; W; ¸ ) OOC is denotedby ©(F; W; ¸ ).
Except for somespecialcases,the exact value of this
functionis not known. However, upperandlowerbounds
areavailable [16], [19].

As optical orthogonal codes are special class of
constant-weightcodes,the result obtainedin Theorem
1 in SectionIV-A is valid, and the condition on W is
even simpler (similar to (15)):

W ¸ C + ¸n max : (18)

The energy consumedby eachnodeis the sameand
is given by:

Enode = K ETX + (F ¡ W)ERX

= [F + W(¯ ¡ 1)] ERX; (19)

and the total energy usedby the network is:

ETotal = N [F + W(¯ ¡ 1)] ERX: (20)

To seehow ef�cient the new method is, its energy
usageis again comparedwith the ideal casefrom Sec-
tion II-C:

ETotal

ETotal ;min
=

F + (¯ ¡ 1)W
(¹n + ¯ )C

: (21)

The designermust chooseparametersW and F and
¸ basedon network requirementsusing the network
parametersC, nmax , ¯ , and N . The designproblemis
again an optimizationproblem:



² Find F , W and¸ to minimizeF + W(¯ ¡ 1) (from
19) suchthat (18) and the following inequalityare
satis�ed:

©(F; W; ¸ ) ¸ N : (22)

The above condition guaranteesthat all N nodesin
the network get a uniquecodeword.

Since no closed form solution for ©(F; W; ¸ ) is
available, this optimization problem can not be solved
analytically. However, we can solve it by numerical
methods. In Appendix II, we show that for typical
network parameters,the following approximatesolution
is very closeto the optimumdesign:

¸ = 1 ; (23)

W = C + nmax ; (24)

F ¼ W 2 : (25)

Let uspresentsomeexamplesin this partanddemon-
strate how the OOC-basedmethod outperforms the
random scheme.For C = 30 and nmax = 25, any
(F ,55,1)-OOCwith F > 2980 can be used.To make
surethat suf�cient numberof codewords can be found,
we set F = 4000, then the energy consumedis 7.77
(8.8dB) times the ideal case.Note that if we can �nd
one OOC codeword, since all shifts of it can also be
used, we can support up to 4000 nodes.Recall that
the randomprotocol requiresF = 4834 time slots and
consumes9.76(9.89dB)timesof theenergy of the ideal
case.For smallervaluesof C, even more performance
improvementcanbeachieved.With C = 1, we canusea
(660,26,1)OOC setwhich consumes39.9 (16dB) times
the energy of the ideal case,while the randommethod
requiresF = 1704with 103.2timesenergy of idealcase.
Both he total numberof time slotsandthe energy usage
areconsiderablydecreased.

C. Under-weightcodes

In theorem1, we give the necessaryconditions on
weight of the code in order to get a successfullink
assessment.In case of OOC, the condition is W ¸
¸n max + C. But what happensif a smaller value of
W is used?The situation describedand used in the
proof of theorem 1, is the worst possible case.The
probability that this worst case happensin an actual
network, is very small. It this section we show that
it is possible to use codes with smaller weight and
still achieve goodperformance.However, oneno longer
getsa 100% guaranteeof success.We usethe concept
of probability of loss as de�ned in (6) and select the

parameterssuchthat the probability of missinga link in
the network is very small.

Assumethat an (F; W; 1) OOC C is used and the
codewords are distributed randomly amongthe nodes,
but eachnodehasa uniquecodeword. From [17], [18]
it is known that for any two a; b 2 C, if U hasuniform
distribution, then:

P(
F ¡ 1X

i =0

ai a(i + U) modF = 1) =
W(W ¡ 1)

F ¡ 1
·

W 2

F
(26)

P(
F ¡ 1X

i =0

ai b(i + U) modF = 1) =
W 2

F
: (27)

Hence,the probability that packets from two neigh-
boring nodes collide at one of the F time slots is
less than W 2

F . Note that accordingto the property of
the OOCs, two neighborscan collide at most at one
time slot. Since the codewords are assignedto nodes
independently, if a nodehasn neighbors,the numberof
neighborsthat collide with it (denotedby m) will have
binomial distribution as follows:7

m » Binomial(n;
W 2

F
): (28)

It is possiblethatsomeof thecollisionshappenin the
sametime slot (i.e., threeof four nodestransmitat the
sametime slots),but in the proof of theorem1 sincewe
were consideringthe worsepossiblecase,we assumed
that all collisions occurred in separatetime slots. To
computethe probability of this worst caseandthe exact
numberof collidedtime slots,we usethefollowing ball-
bin model:

There are W bins (correspondingto the W trans-
mission time slots of the main node) with m balls
(correspondingto the collided time slots).The balls are
thrown independentlyand uniformly into the bins. An
empty bin correspondsto a collision-freetime slot. We
want to �nd theprobabilitypm (e) thatafterdroppingm
balls into W bins, therearee emptybins. Clearly:

p0(e) =
½

1 if e = W
0 otherwise

(29)

We get e emptybins after m drops,if

1) either thereare e empty bins after (m ¡ 1) balls
and the last ball selectsone of the occupiedbins
which happendwith probability (W ¡ e)=W,

7each neighbor has a chanceof W 2

F to collide and they are
independentof eachother.



2) or thereare(e+ 1) emptybinsafter (m ¡ 1) drops
and the last ball goes to one of the empty bins
which occurswith probability (e+ 1)=W.

This leadsto the following recursive expressionfor
pm (e):

pm (e) =
W ¡ e

W
pm¡ 1(e) +

e+ 1
W

pm¡ 1(e+ 1): (30)

Note that m (the numberof balls) is also a random
variableaccordingto (28), so by averagingover m, we
obtaintheoverall probabilityof gettinge emptybins (or
equivalently e collision-freetime slots):

p(e) =
nX

m=0

pm (e)
µ

n
m

¶ µ
W 2

F

¶ m µ
1 ¡

W 2

F

¶ n¡ m

:

(31)
Recall that PL shows the probability that we get less

thanC collision free time slots (or emptybins), so:

PL = P(e < C) =
CX

e=0

p(e): (32)

Figure 1 shows PL versusW for different valuesof
F andnmax = 25, C = 35. Note thatusingtheprevious
method,an optical orthogonalcodewith W ¸ 60 msut
be usedwhich requiredan F ¼ 3600. However, from
this �gure it can be observed that with F = 3000 any
W > 44 canbe used,while we ensurethat PL < 10¡ 6.
For F = 3500, it is necessarythatW > 35, andfor F =
4000, any W > 32 will be suf�cient. As it is expected,
with increaseof F the acceptablerangeof valuesfor
K becomeslarger. If, for instance,a (3000,45,1)OOC
set is used,the total time reducesfrom 3600 time slots
to 3000 time slots, and energy consumptionis reduced
from 3.83 (5.8dB) times the energy of the ideal caseto
3.18 (5.0dB) times the energy of the ideal case.

D. Other typeof codes

In this sectionwe describeanotherclassof constant-
weight codes, which has a simple algorithmic con-
struction method. They were introducedin [20], [21]
for an application in schedulingin wirelessmulti-hop
networks. The constructionmethodusesGalois �elds (
[22]) representedby GF(q) whereq shows the number
of elementsin the �eld 8. q mustbeof the form q = pm ,
wherep is a prime and m a positive integer. If m = 1
the elementsof GF(q) can be representedby numbers

8We assumethat the readeris familiar with theseconcepts,further
detailsarewidely available,e.g., [22].
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Fig. 1. Lossprobability versuscodeweight,W for differentvalues
of codelengthF , with nmax = 25; C = 35.

0; 1; 2; : : : ; q ¡ 1 and the operationsare addition and
multiplication moduloq.

To generatea codeword, considera polynomial of
orderk: f (x) = akxk + : : :+ a1x+ a0 whereai 2 GF(q).
The resulting code has length F = q2 and weight
W = q. Divide the F = q2 bit positionsinto q groups
of eachof sizeq. Enumeratethegroupsfrom 0 to q¡ 1.
Eachgroup consistsof q bits, whereonly one of them
will be set to one and the other q ¡ 1 bits will be
zero.Find all pairs(x; f (x)) for all q possiblevaluesof
x 2 GF(q). Note that f (x) is alsoin GF(q). Eachvalue
x correspondsto oneof thegroups,while thevaluef (x)
showsthepositionof thebit within thatgroupthatshould
besetto one.Hencea codeword canbeconstructedfrom
eachpolynomial.For moredetailssee[21].

To clarify the method,we give an example.Consider
GF (3) = f 0; 1; 2g andpolynomial f 1(x) = x + 1. Then
we have thefollowing pairs:f (0; 1); (1; 2); (2; 0)g which
gives us the following codeword: (010 ¡ 001 ¡ 100).
Polynomial f 2(x) = x2 results: f (0; 0); (1; 1); (2; 1)g
andcodeword (100¡ 010¡ 010).

Now considerall distinct polynomialsof degreeless
than ¸ . Each such polynomial generatesa different
codeword. The set of codewords generatedin this way,
has this property that the numberof positionsthat any
two codewords have bit one at the sameplace, is less
than ¸ . So this set is a constant-weightcode with
minimum Hammingdistanced = 2q ¡ 2¸ .

To prove the above property, considertwo different
polynomialsf 1(x) and f 2(x). The numberof positions
that their correspondingcodewordshave colliding ones,
is the same as the number of times, the two pairs
(x; f 1(x)) and (x; f 2(x)) are equal.In other words,we



needto �nd the numberof times f 1(x) = f 2(x), i.e.,
the numberof roots of f 1(x) ¡ f 2(x). Since f 1(x) and
f 2(x) are polynomialsof degree ¸ or less, so is their
differenceand thus it canhave at most ¸ roots.

Thesecodeshave similar propertiesasopticalorthog-
onal codes.The length of the code in both casesis
squareof the weight (in caseof OOC lengthshouldbe
largerthanW 2). They have typically thesamenumberof
codewords.The main advantageof thesecodesis their
algorithmic constructionmethod.However, we believe
that optical orthogonalcodesare more suitablefor link
assessment,as the code generationis much simpler in
caseof OOCs:We needto storea coupleof codewords
and then different nodeswill usedifferent shifts of the
storedcodewords,while for the other codes,eachnode
mustchoosea polynomialanddo somecomputationsin
GF(q) to constructthe codeword.

E. Enhancementsof the protocol

In this section,the conceptof sparseOOCsis intro-
duced then we use it to modify the above schemeto
obtaina moreenergy-ef�cient protocol.

An OOC with lengthF andweight W is “sparse” if
theW onesin thebinarysequencerepresentationof any
codeword in thesetaredistributedalmostevenly among
all F positions,andarenot concentratedin onesection
of thesequence.In otherwords,if a codeis sparsethere
are approximatelyW=2 onesin the �rst half of any of
its codewords.

For largevalueof C, theuseof sparseOOCallows us
to further reduceenergy consumptionby slight changes
to the protocol: The samemethod is used for half of
the time slots, i.e., for F=2 time slots. Every node in
the network then hasapproximatelyK =2 opportunities
to receive packetsfrom eachof its neighbors.Note that,
ignoring fadingandothereffects,just onecollision-free
time slot is required for each link in order to �nd a
neighbor. Hence,afterF=2 time slots,all nodesknow all
of their neighbors(andtheir id numbers)with very high
probability. However, they may not yet have completed
measuringthe link qualitiesas it requiresthe total of C
collision-freetime slots.

As the nodesknow their neighbors' id number, they
canconstructtheir codewordsandthereforetheir pattern
(the nodesjust usethe samemethod,they usedto �nd
their own pattern).In the secondhalf of the time, all
nodessuspendto sleepmode. A node wakes up only
when it has to transmit, or when it deducedfrom its
neighbors'patternsthatonly oneof themis transmitting,
i.e., when no collision occurs. In this way, the nodes

avoid beingactiveandlosingpowerwheneithercollision
happens,or no transmissiontakesplace.

One can approximatelycomputehow much energy
will be saved by introducingthis modi�cation: Consider
a node with n neighbors.The amountof energy used
by eachnode in the original methodis given by (19).
In the new method,during the �rst F=2 time slots the
consumedenergy is similar as in the original scheme.
However, during the secondF=2 time slots, the node
will transmitin approximatelyK =2 time slotsonly, and
so will eachof its neighbors.In the worse casefrom
the energy saving point of view, thereis no collision at
all andthereforethe nodewill be awake listeningto the
channelfor n K

2 time slots.This implies

E 0
node ·

F + (¯ ¡ 1)K
2

ERX +
K
2

(n + ¯ )ERX

=
F + K (2¯ + n ¡ 1)

2
ERX: (33)

Hence,the energy saved is at least

Enode ¡ E 0
node ¸

F ¡ (n + 1)K
2

ERX: (34)

The above result is only valid when F > (n + 1)K .
In the casethat this condition doesnot hold, still some
energy will be saved but the above expressionwill be
meaningless.

As anexample,thecasefor C = 30 is consideredwith
patternsgeneratedfrom a (4000,55,1)OOC set.Assum-
ing ¯ = 2:5 and n = ¹n = 15, in the original scheme,
eachnode will consume4082:5ERX. After introducing
this new feature,theenergy usedin eachnodeis reduced
to approximately2522:5ERX.

The above methodmay also be applied to different
fractionsof the overall link assessmenttime. For exam-
ple, the nodesmay all be awake for the �rst F=3 time
slots,andmay thenreconstructthecodewordsandwake
up only when it is necessaryfor the remaining2F=3
time slots. By decreasingthe initial part, more energy
canbesaved,however, thechanceof losingsomeof the
neighborsincreases.

V. CONCLUSION

Thepresentpaperdiscussesprotocolsto acquireaccu-
rateinformationaboutthe availability andquality of RF
communicationlinks in wirelesssensornetworks prior
to the network topology formation.This information is
requiredto make routing decisionsin order to form a
reliable multi-hop network. Data is sampledby assess-
ing a suf�cient numberof packets exchangedbetween
neighboringnodes.



The main objective of this work hasbeento reduce
time and power consumptionof this process,while
ensuringa suf�cient accuracy of thecollecteddata.First,
a protocol hasbeenintroducedusing a randompattern
for shifting betweentransmit,listen,andsleepstatesfor
eachnode.The resultsshow that it is not bene�cial to
utilize the sleepstateof the nodesduring this process.

Next, it hasbeendescribedhow constant-weightcodes
can be used to constructoptimized patternsfor trans-
mission and reception.The distanceproperty of these
codeshelps to achieve improved performanceover the
randomscheme.In particularopticalorthogonalcodesas
aspecialclassof constant-weightcodeswereconsidered.
We also describedanother set of codes which were
usedby ChlamtacandFaragoin [20] for a differentbut
similar application.It was shown that due to properties
of OOCs,thepatternassignmentcanbedoneveryeasily,
thereforethey arepreferredover othercodes.Moreover,
it was shown that, by introducing sparseOOCs and
modi�cationsto theprotocol,thepowerconsumptioncan
further be reduced.
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APPENDIX I

In this appendixexpressionsarederived for (9), (10),
and(11). This is carriedout in threesteps.The �rst step
is to approximatePL in (6) andto get an expressionfor
Pcf asa function of F andotherparameters.Next, F is
consideredasa �x edknown parameter, andPTX andPRX

are determinedsuch that E(Enode) is minimized while
satisfying the condition PL · PL;max . In a third step,
the bestvalue for F is determined.n is usedinsteadof
nmax in all the following equations.

It is known that undercertainconditionsa binomial
distribution canbeapproximatedasa normal(Gaussian)
randomvariable [23]. It is also known that Ci;j has a
binomial distribution (see (5)) with mean ¹ = F Pcf



and variance¾2 = F Pcf (1 ¡ Pcf ). Hence,PL can be
approximatedas follows:

PL = P(Ci;j < C)

¼ Q
µ

¹ ¡ C
¾

¶

= Q

Ã
F Pcf ¡ C

p
F Pcf (1 ¡ Pcf )

!

; (35)

whereQ(x) is de�ned as

Q(x) =
1

p
2¼

Z 1

x
e¡ t 2

2 dt: (36)

Since Q(x) is a decreasingfunction, PL · PL;max

canbe written as
F Pcf ¡ C

p
F Pcf (1 ¡ Pcf )

¸ Q¡ 1(PL;max ): (37)

Let q = Q¡ 1(PL;max ), then solving for Pcf one can
obtain

Pcf ¸
2C + q2 + q

q
q2 + 4C

¡
1 ¡ C

F

¢

2(F + q)
: (38)

AssumingthatF is known andusingtheaboveexpres-
sion, onecanderive a lower boundon Pcf . E(Enode) is
minimized(see(7)) while satisfying(38). Let the right-
handsideof (38) berepresentedby ». Combiningit with
(4), we obtain:

PTX (1 ¡ PTX)n¡ 1 PRX ¸ »: (39)

The optimizationproblemreducesto �nding PTX and
PRX suchthat (39) holdsand¯ PTX + PRX is minimized.
After somesimpli�cation, we �nd that theoptimumPTX

shouldsatisfy the following equation:

¯ x2(1 ¡ x)n ¡ »(1 ¡ nx) = 0; (40)

where PTX is replacedby x and PRX = »
x(1¡ x)n ¡ 1 .

This equationcan be solved using numericalmethods.
Resultsof computationsindicatedthatanapproximation
of PTX ¼ 1

n is accurate. Usingthis resultandcombining
it with (39), onecanobtain

PRX =

2C+ q2 + q
q

q2 +4 C(1¡ C
F )

2(F + q)

1
n

¡
1 ¡ 1

n

¢n¡ 1 : (41)

Substitutingthis expressionin (7) oneobtains

E(E) = F

0

@¯
n

+
2C + q2 + q

q
q2 + 4C

¡
1 ¡ C

F

¢

21
n

¡
1 ¡ 1

n

¢n¡ 1 (F + q)

1

A ERX:

(42)

It canbeeseenthatE(Enode) is anincreasingfunction
of F , hencethe bestvalue for F which minimizesthe
above expressionis the smallestvalue possible. It is
known that PRX + PTX · 1, hence

PRX · 1 ¡
1
n

: (43)

Using the above expressioncombinedwith (41) and
the two simplifying assumptionsthat (1 ¡ C

F ) ¼ 1 and
F + q ¼ F , the following expressioncanbe derived as
the bestselectionof parameterF :

F ¼
2C + q2 + q

p
q2 + 4C

21
n

¡
1 ¡ 1

n

¢n : (44)

Note that the above two assumptionsare reasonable.
C andq typically arein theorderof sometens,while F
typically is in the orderof thousands.Furthermore,note
that the smallestvalue of F is obtainedwhen in (43)
equalityholds.Hence,PRX ¼ 1 ¡ 1

n .

APPENDIX I I

Assumingthat ¸ is known and �x ed, the best value
for W is thesmallestvalue,i.e., W = ¸n max + C, since
with a larger W , a larger F is neededto get the same
numberof codewords.The Johnsonupperboundstates
that [17]–[19]:

©(F; W; ¸ ) ·
¹

F (F ¡ 1)(F ¡ 2) : : : (F ¡ ¸ )
W(W ¡ 1)(W ¡ 2) : : : (W ¡ ¸ )

º
:

(45)
We assumeJohnson's boundis valid andthenapprox-

imateanduseit to �nd F asa function of W and ¸ .

©(F; W; ¸ ) ¼
F ¸

(W ¡ ¸ )¸ +1 : (46)

Combiningit with (22), oneobtainsthe inequality

F ¸
l
(W ¡ ¸ ) (N )

1
¸ +1

m
: (47)

In [18], [19], it is shown that one of the necessary
conditionsto get a non-emptycodeset, is:

F ¸
W 2

¸
: (48)

Both (47) and (48) must hold in order to get the
desirednumberof codewords.However, in mostpractical
situationswith typical network parameters,(48) is the
morerestrictingcondition.Henceit canbeassumedthat
F ¼ W 2

¸ . Now we have both F and W as functionsof
¸ andotherknown parameters.Therefore,onecanwrite
Enode in (19) asa function of ¸ ,

Enode

ERX
=

(nmax ¸ + C)2

¸
+ (¯ ¡ 1)(nmax ¸ + C): (49)



This expressionis convex with respectto ¸ , and the
valueof ¸ which minimizesit, canbe determined:

¸ =
C

p
n2

max + nmax (¯ ¡ 1)
·

C
nmax

: (50)

Although it is possiblethat for somenetwork param-
etersthe bestdesignleadsto a ¸ > 1, in mostpractical
situationsonewill �nd C

nmax
< 1. Hence,thebestoption

is to set ¸ = 1.


